Potentials for which the corresponding Schr odinger equation is maximally superintegrable in three-dimensional Euclidean space are studied. The quadratic algebra which is associated with each of these potentials is constructed and the bound state wave functions are computed in the separable coordinates.
I Introduction
The present paper continues our study of the systems with hidden symmetry or so-called superintegrable systems in spaces with constant curvature.
The best known systems of this kind in three-dimensional Euclidean space are the harmonic oscillator and Kepler-Coulomb problems, that have many special properties distinct from other spherically symmetric potentials. These include the phenomena of separation of variables for the Hamilton-Jacobi and Schr odinger equations in more than one orthogonal coordinate system and the existence of integrals of motion in addition to the total angular momentum L Both these systems possess ve functionally independent integrals of motion 2, 3] . The rst systematic search for all potentials for which the Schr odinger equation admits separation of variables in two or more coordinate systems was begun by Smorodinsky and Winternitz with co-workers in the papers 4, 5, 6] and continued by Evans in 3, 7] . They found all such systems in two-and three-dimensional at space and introduced the notion of superintegrability. In general, a physical system in N-dimensions is called minimally superintegrable if it has 2N ? 2 integrals of motion, and maximally superintegrable if it has 2N ? 1 integral of motions. There are ve known maximally (and some minimally) superintegrable potentials listed in 3, 8, 10] and investigated from di erent points of view in the last decade 8, 9, 10, 11, 12, 13] . Note also that superintegrable potentials in spaces of constant curvature were introduced in the papers 14, 15, 16] .
In previous articles 17, 18, 19] we have looked at potentials in two dimensional Euclidean space and the two dimensional sphere and hyperboloid, for which the Schr odinger equation is maximally superintegrable. In this article we extend this study to the case of three dimensional Euclidean space. As previously seen in the case of two-dimensions, some of these potentials (see Table 1 ) admit bound state or nite solutions and it is these to which we draw attention in this article.
The for some suitable orthogonal coordinates u j (see Table 2 ).
In Sections II-IV we consider three maximally superintegrable potentials (see Table 1 ) and use the Niven-type (or Bethe 20] ) ansatz for constructing the solution of the Schr odinger equation in coordinates such as spheroidal, sphero-conical and ellipsoidal (see Table 2 ). In addition we discuss the extension to the quadratic algebras that were in evidence in the case of two dimensions and see what their implications may be.
Section V is devoted to the calculation of interbasis expansion coe cients for the V 3 potential between spherical and parabolic bases.
II Generalized isotropic oscillator
The rst potential (see Table 1 Of all the coordinate systems for which separation is possible in the case of this potential there are only ve which are not essentially a Euclidean two-space coordinate system supplemented by an additional Cartesian coordinate z. Such coordinate systems we do not consider further here and the corresponding solutions of the Schr odinger equation and invariant algebra are given in our previous paper 17] (see also 3, 8] Table 2 ). If we write these coordinates in the form x = x 0 cos '; y = x 0 sin '; z = y 0 (5) and putting = (x 0 ) ?1=2 , the Schr odinger equation (1) 
The orthonormal solution of equation (6) The energy E is quantised according to
where N = n + m is the principal quantum number. Consider the Schr odinger equation in the spheroidal separable coordinates (u 1 ; u 2 ; '). After the substitution = 1 (u 1 ) 2 
where J is the spherical separation constant. 2.4.1. In the spherical coordinates (see Table 2 ) the wave function S( 1 ; 2 ) have the separable form S(#; ') = Z(#)Y 
and for spherical separation constant we get
2.4.2. If we choose the sphero-conical coordinates on the sphere (see Table 2 ) the solution of the equation (21) 
Let us now go to the radial equation (20) . This equation is very reminiscent of the radial equation for the three dimensional harmonic oscillator except that the orbital quantum number l is replaced by 2l + 2m + k 1 + k 2 + k 3 + 
and the energy spectrum is given by formula (10) where the n r = 0:1; 2:: is the radial quantum number and the principal quantum number now is N = (n r + n) = (n r + l + m).
III Generalized anisotropic oscillator
The second potential (see Table 1 
These symmetry operators do not appear to close under repeated commutation. One obvious subalgebra that is quadratically closed is that generated by the elements J 12 ; J 13 and J 23 . The closure relations can be readily deduced from the algebra given for the rst potential with the proviso that k 3 = 
Finally, let us consider the radial equation (42). The introduction of (45) 
and N = n 1 + n 2 + M + 1 = n 1 + n 2 + 2m + k 1 + k 2 + 2.
It is also interesting to observe that we could contemplate a E dependant algebra of second order symmetries acting on the functions H( ; ). Indeed a basis for such symmetries is Apart from the symbols this has the same form as was dealt with in two dimensions. If we now regard and as Cartesian coordinates, separation is also possible in polar and elliptical coordinates. The case of polar coordinates has essentially been done above. (') in both sides of (52), and using the formula 1 F 1 (?n; ; x) ?( ) ?( + n) (?x) n for x arbitrary large, we see that the expansion (52) yields an equation which depends only on the variable #. Then, by using the orthogonality relations for the functions Z lm (#) in the quantum number l, we arrive at the following expression for interbasis expansions coe cients: = n 2 ? n 1 + 2m + k 1 + k 2 + 1 2 : Since the parameters in (54) in general are not integers or half integers, the coe cients of interbasis expansion (51) may be consider as analytic continuation, for real values of their arguments, of the SU(2) Clebsch-Gordan coe cients. Note also, that the inverse expansion of (52) follows from the orthonormality of SU(2) Clebsch-Gordan coe cients. 
